PAGE  
6.49

6.6 Inferences about regression parameters (Section 

       6.5 will be done next) 
In Section 5.13, the covariance matrix of 
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 was introduced.  In multiple regression, the covariance matrix is the same, but the matrix is larger to account for the additional 
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The covariance matrix of 
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The estimated covariance matrix of 
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To determine if the jth independent variable is helpful in predicting the dependent variable, a t-test for (j=0 can be conducted.  

t-test for (j in 

E(Yi)=(0 + (1Xi1 +…+ (jXij +…+ (p-1Xi,p-1

1) State Ho and Ha
Ho: (j=0 

Ha: (j(0 

2) Test statistic: 
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3) Critical value: ( t(1-(/2; n-p)

4) Reject or don’t reject Ho
5) Conclusions

Note: Also can use a p-value for the test

Example: NBA guard example (nba_example.sas)
Suppose the estimated regression model is: 
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PPM

 = -0.4022 + 0.0040(MPG + 0.0036(Height + 0.00059(FTP
Is player height significantly related to PPM in the model?  Use (=0.05 for the hypothesis test.

i.e. Should height be used in the model (with MPG and FTP) to estimate PPM?

Part of the SAS output:

                         Parameter Estimates

                      Parameter       Standard

 Variable     DF       Estimate          Error    t Value    Pr > |t|

 Intercept     1       -0.40219        0.30101      -1.34      0.1845

 MPG           1        0.00403        0.00115       3.50      0.0007

 Height        1        0.00359        0.00148       2.42      0.0173
 FTP           1     0.00058834        0.00124       0.47      0.6364
Hypothesis test for (Height in 

E(PPM)=(0 + (MPG(MPG + (Height(Height + (FTP(FTP

1) 

Ho: (Height=0 

Ha: (Height(0 

2) Test statistic
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3)  (t(1-(/2; n-p) = ( t(0.975, 101) = 1.9837 (from SAS)
*Find t critical value;
data tset1;

  input alpha df;

  t_crit = tinv(1-alpha/2, df);

  datalines;

  0.05 101

  ;

run;

title2 't critical value';

proc print data=tset1;

run;
Obs    alpha     df     t_crit

        1      0.05    101    1.98373
4)  Since 2.42>1.9837, reject Ho.
5) There is sufficient evidence to prove that height is significantly related to PPM in the model (i.e., Height should be used in the model to estimate PPM.)
Note:

1) Since MPG has a p-value = 0.0007 < 0.05 = (, MPG should also be used in the model.

2) Since FTP has a p-value = 0.6364 > 0.05 = (, there is not enough evidence to prove that FTP is useful in estimating PPM.  FTP should be considered for removal from the model (more on this later).

Remember:

A relationship may still exist between PPM and FTP because:

a) A type II error may have been committed.

b) A more complex relationship may exist between PPM and FTP other than the “straight line” hypotheses considered.  For example, maybe the correct model is 

E(PPM)=(0 + (MPG(MPG + (Height(Height + (FTP1(FTP + (FTP2(FTP2. 

6.5 Analysis of variance results

ANOVA Table

	Source of Variation
	SS
	df
	MS
	F

	Regression
	SSR = 
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	p-1
	MSR = SSR/(p-1)
	F* = MSR/MSE

	Error
	SSE=
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	n-p
	MSE = SSE/(n-p)
	

	Total
	SSTO = 
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Notes: 

1) SSR has p-1 degrees of freedom.  Before with 1 independent variable, there was only 1 degree of freedom.

2) SSE has n-p degrees of freedom.  Before with 1 independent variable, there were n-2 degrees of freedom.

3) The F* statistic tests 

Ho:(1=(2=…=(p-1=0 

Ha:At least one ((0

F*~F(p-1, n-p)

Reject Ho if F*>F(1-(, p-1, n-p)

Example: NBA guard example (nba_example.sas)

Determine if the model:


[image: image14.wmf]Ù

PPM

 = -0.4022 + 0.0040*MPG + 0.0036*Height + 0.0006*FTP 

is useful for estimating PPM.  Use (=0.05 in the hypothesis test.  

1) 
Ho: (MPG=(Height=(FTP=0

Ha: At least one ((0

2) Test statistic: F* = 7.2656 (from previous SAS 
     output)

3) Critical value: F(1-(, p-1, n-p) = F(0.95, 3, 101) = 
     2.6946 (obtained from SAS) 

data set1;

  input alpha num_df den_df;

  f_crit = finv(1-alpha, num_df, den_df);

  datalines;

  0.05 3 101

  ;

run;

proc print data=set1;

               run;
 Obs    alpha    num_df    den_df     f_crit

  1      0.05       3        101     2.69462
NOTE: The F distribution tables do not contain a denominator d.f. of 101.  Thus, take the next closest d.f. of 120.  Then F(0.95, 3, 101) ( F(0.95, 3, 120) = 2.68.

4) 
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Since 7.2656 > 2.6946, reject Ho.  

5)  The model (using MPG, Height, and FTP) is useful for estimating PPM.

The p-value = 0.0002 < 0.05 = ( so the same conclusion would be reach as with using the test statistic.

NKNW call this a “F test for regression relation”

F-test and t-tests reject:

This result should seem reasonable.  The 3 previous hypothesis tests (t-tests) for each individual variable concluded that 2 of the variables were useful in estimating PPM (Section 6.6).

Question:
Why not just conduct hypothesis tests on (1=0, (2=0, …, 
(p-1=0 individually?

Suppose there are 8 independent variables and 8 individual hypothesis tests are conducted on (1=0, (2=0, … (8=0 using (=0.10 for each test.  What is the probability that at least one type I error (reject Ho, but Ho is really true) happens in the 8 tests?

Use the binomial distribution.  

P(success) = ( = 0.10 

P(failure) = 1-( = 1-0.10 = 0.90

Number of trials = n = 8

Number of “successes” = x (1

Note: success here is a type I error

P(X(1) = 1- P(X<1) 

= 1 – P(X=0)

= 1 -  0.4305 

= 0.5695

So there is a 56.95% probability of making at least one type I error. 

NOTE: This assumes that each test is independent which is not necessarily true!

Using the F test for regression relation, there is (*100% probability of a type I error; however, with doing the tests individually (with t-tests) there is a [1-(1-()p-1](100% probability of committing at least one type I error.

To limit the probability of a type I error to (, conduct a F-test for regression relation.

Recommendation for checking a model’s variables usefulness in estimating Y: 2 steps

1) Do a F test for regression relation

a) If don’t reject Ho: Stop.  Model variables may not be useful for estimating Y. 

b) If reject Ho: There is at least one variable that is useful for estimating Y.  Go to step 2.

2) Do t-test’s on individual (’s to determine which variables are useful for estimating Y

a) If reject Ho for a (: That (’s corresponding variable is useful for estimating Y

b) If don’t reject Ho for a (: That (’s corresponding variable may not be useful for estimating Y

Example: NBA guard example (nba_example.sas)

Use the 2 steps for checking a model’s variables for usefulness in estimating PPM.  The model is: 
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PPM

 = -0.4022 + 0.0040*MPG + 0.0036*Height + 0.0006*FTP

1) F test for regression relation conclusion: Reject Ho – Model is useful estimating PPM.

	Variable
	Ho:(j=0 test result

	MPG
	Reject Ho

	Height
	Reject Ho

	FTP
	Don’t reject Ho


MPG and Height are useful for estimating PPM.  FTP may not be useful for estimating PPM.  

Coefficient of determination – R2
In multiple regression, NKNW changes the notation of the coefficient of determination to R2 (in simple linear regression, it was r2).  

R2 = SSR/SSTO = (SSTO-SSE)/SSTO

R2 has the same interpretation as before, but with respect to p-1 independent variables.

100(R2% of the variation in Y can be explained by using the independent variables to estimate Y

Notes:
1) Use R2 as a measure of fit when the sample size is substantially larger than the number of variables in the model; otherwise, R2 may be artificially high.

2) As more variables are added to the model, R2 will always increase even if the additional variables do a poor job of estimating Y.

Solution: Use the Adjusted R2
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 can not be forced to increase as R2 can be by adding variables.

· 
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 adjusts for having “nonsense” variables (additional variables that do a poor job of estimating Y) added to the model that make R2 increase.

· USE 
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 INSTEAD OF R2
· The interpretation of 
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 is about the same as R2
· 
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 can be less than 0 

Example: NBA guard example (nba_example.sas)
Consider the model: 
[image: image24.wmf]Ù

PPM

 = 0.3210 + 0.0042*MPG

Part of the SAS output:

Analysis of Variance

                                 Sum of         Mean

 Source                 DF      Squares       Square  F Value  Pr > F

 Model                   1      0.18002      0.18002    15.24  0.0002

 Error                 103      1.21669      0.01181

 Corrected Total       104      1.39671

         Root MSE              0.10869    R-Square     0.1289

         Dependent Mean        0.42355    Adj R-Sq     0.1204

         Coeff Var            25.66052

Since 
[image: image25.wmf]2
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=0.12, approximately 12% of the variation in PPM can be explained by using MPG to estimate PPM.

Examine what happens to R2 and 
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 when additional variables are added to the model:

	Model
	R2
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 = 0.3210 + 0.0042(MPG
	0.1289
	0.1204
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 = -0.3533 + 0.0043(MPG + 0.0035(Height
	0.1756
	0.1595
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 = -0.4022 + 0.0040(MPG + 0.0036(Height + 0.00059(FTP
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a) Remember that both height and MPG were significantly related to PPM in the model:
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PPM

 = -0.4022 + 0.0040(MPG + 0.0036(Height + 0.00059(FTP, but FTP was not.  When a variable is added to the model that “may not” be useful, the 
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 decreased.  

Thus, the decrease in 
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 after FTP is added to the model suggests that FTP may not be useful in estimating PPM.

b) Notice that R2 increased after each variable was added to the model. 

Note:
1) The low 
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 of 0.1595 for 
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 = -0.3533 + 0.0042*MPG + 0.0035*Height suggests the model may be poor in estimating PPM.  There may be more variables that could help estimate PPM and thus increase 
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.  

2) Even though 
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 is low, there still is a significant relationship between PPM and height & MPG.  Again, more variables would be helpful in the estimation of PPM.

6.7 Estimation of mean response and prediction of new observation 

Interval estimation for E(Yh) at Xh
Estimate the mean value of Yh for Xh=(1, Xh1, Xh2, …, Xh,p-1)(
As shown in Section 5.13, the estimated variance used in the C.I. for E(Yh) is 
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The (1-()100% C.I. for E(Yh) is 
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Notice the degrees of freedom are n-p.  

Interval estimation for Yh(new) at Xh
As shown in Section 5.13, the estimated variance used in the P.I. for Yh(new) is 
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The (1-()100% P.I. for Yh(new) is
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Notice the degrees of freedom are n-p.  

If g different C.I.s or P.I.s were desired with a family confidence coefficient of at least (1-()100%, the 
[image: image42.wmf]t(1/2,np)
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 part of the intervals would change to 
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.  This is an application of the Bonferroni procedure.  

Example: NBA guard example (nba_example.sas)

Estimate the PPM of a guard who plays 36.0244 minutes per game (on average), is 201cm (6 foot 7 inches) tall, and has a 88% free throw percentage.   These are Reggie Miller’s numbers for the 1992-3 season.  

(Using E(PPM)=(0 + (1MPG + (2Height + (3FTP) 
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PPM

 = -0.4022 + 0.0040(36.0244 + 0.0036(201 + 0.00059(88 = 0.5183

Miller had a PPM=0.5885

Translating this to points per game (PPG):


[image: image45.wmf]Ù

PPG

 = 
[image: image46.wmf]Ù

PPM

 * # of minutes play per game = 0.5183*36.0244 = 18.67

PPG = 0.5885*36.0244 = 21.20

For Reggie Miller’s data values, find a 95% C.I. and P.I..  The C.I. and P.I. are obtained from SAS using the CLI and CLM options in PROC REG’s model statement.  

	
	Estimate
	Miller
	Lower
	Upper

	C.I. for E(PPM) 
	0.52
	0.59
	0.47
	0.56

	P.I. for PPM
	0.52
	0.59
	0.30
	0.73


	
	Estimate
	Miller
	Lower
	Upper

	C.I. for E(PPG) 
	18.67
	21.20
	16.93
	19.81

	P.I. for PPG
	18.67
	21.20
	10.81
	26.30


Part of the SAS program: 

proc reg data=set1;  

  model PPM = MPG Height FTP / cli clm;

  id last_name first_Initial;

run;
Note that the ID statement helps identify where to look for Reggie Miller’s C.I. and P.I. in the output.  

Part of the SAS output: 

                    first_

      Obs last_Name Initial      95% CL Mean        95% CL Predict

        1 Abdul-Ra  M.          0.4093    0.4964    0.2368    0.6688

        2 Adams     M.          0.3841    0.4810    0.2155    0.6496

        3 Ainge     D.          0.4266    0.4899    0.2443    0.6721

        4 Anderson  K.          0.4159    0.4926    0.2392    0.6692
(
 
  61 Mayberry  L.          0.3156    0.4240    0.1514    0.5882

       62 Miller    R.          0.4673    0.5639    0.2986    0.7326

       63 Miner     H.          0.3928    0.4509    0.2083    0.6354

Interpretation

With 95% confidence, the average PPG is between 16.93 and 19.81 for a guard with plays 36.0244 minutes per game (on average), is 201cm (6 foot 7 inches) tall, and has a 88% free throw percentage.  
With 95% confidence, the PPG of a guard is between 10.81 and 26.30 for someone who with plays 36.0244 minutes per game (on average), is 201cm (6 foot 7 inches) tall, and has a 88% free throw percentage.
Since Miller’s PPG is greater than the upper limit of the C.I. for E(PPG), Miller is better (in terms of PPG) than an “average” guard with the same MPG, Height, and FTP.

6.8 Diagnostics and remedial measures

All diagnostic procedures done in Chapter 3 can be done for multiple regression.

Notes: 

1) To check the linearity of the regression function, plots of ei vs. Xij should be done for j=1,…,p-1 (i.e., plots for each independent variable).

2) The plot of ei vs. 
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 and ei vs. Xij no longer gives the same information (see Section 3.3).  

3) More diagnostic procedures are discussed in Chapters 9 and 10.

A scatter plot matrix is a matrix of scatter plots showing the relationship between pairs of variables.  

This is often a tool to identify which independent variables are correlated to the dependent variable.  In addition, this plot helps identify independent variables that have a strong correlation with each other (more on this discussed later - multicollinearity).  

Example: NBA guard example (nba_example.sas)

Unfortunately, SAS does not have a simple way to construct a scatter plot matrix using SAS code.  SAS/INSIGHT can be used to create this plot.  Below are the steps used to produce the scatter plot matrix.  

1) Read in the data set into a set called “set1”

2) Select Solutions > Analysis > Interactive Data Analysis

3) Select Library: Work and Data set: Set1 and click on Open.  

4) The data set should open into a window. 
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5) Control-click on PPM, MPG, Height, FTP, FGP, and Age so that all these variables are highlighted

6) Select Analyze > Scatter Plot (Y X) to produce the scatter plot matrix below.  
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To “brush” points in the plots, click on the mouse and draw a rectangle over a group of points.  The points will be highlighted in the plot and the data set.  Clicking on a highlighted rectangle in the plot opens a window that identifies the points.  
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A correlation matrix numerical summary of the dependence between pairs of variables.  Pearson correlations are given between all variables and a hypothesis test p-value for Ho:no correlation vs. Ha:correlation is given.  PROC CORR in SAS can be used to produce the correlation matrix.  

Part of the SAS code:

title2 'Correlation matrix';

proc corr data=set1;

  var PPM MPG Height FTP FGP Age;

run;
Part of the SAS output:

The CORR Procedure

   6  Variables:    PPM      MPG      Height   FTP      FGP      Age

                          Simple Statistics

    Variable           N          Mean       Std Dev           Sum

    PPM              105       0.42355       0.11589      44.47290

    MPG              105      24.30325       9.85744          2552

    Height           105     190.17143       7.07441         19968

    FTP              105      77.85524       9.17644          8175

    FGP              105      45.13238       4.39218          4739

    Age              105      27.53333       3.36860          2891

                          Simple Statistics

                 Variable       Minimum       Maximum

                 PPM            0.15930       0.82910

                 MPG            4.35000      40.71050

                 Height       160.00000     210.00000

                 FTP           37.50000      94.80000

                 FGP           34.80000      59.50000

                 Age           22.00000      37.00000

              Pearson Correlation Coefficients, N = 105

                      Prob > |r| under H0: Rho=0

               PPM       MPG    Height       FTP       FGP       Age

  PPM      1.00000   0.35901   0.21247   0.16744   0.40633  -0.04517

                      0.0002    0.0296    0.0878    <.0001    0.6473

  MPG      0.35901   1.00000  -0.01042   0.39141   0.33959   0.18016

            0.0002              0.9160    <.0001    0.0004    0.0659

  Height   0.21247  -0.01042   1.00000  -0.06133  -0.10806   0.06996

            0.0296    0.9160              0.5342    0.2726    0.4782

  FTP      0.16744   0.39141  -0.06133   1.00000   0.27855   0.24736

            0.0878    <.0001    0.5342              0.0040    0.0110

  FGP      0.40633   0.33959  -0.10806   0.27855   1.00000   0.10839

            <.0001    0.0004    0.2726    0.0040              0.2711

  Age     -0.04517   0.18016   0.06996   0.24736   0.10839   1.00000

            0.6473    0.0659    0.4782    0.0110    0.2711
A final note: Be careful about predicting Y outside the range of your data!  

6.9 An example – multiple regression with two predictor variables 

Read this example!
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F-distribution plot 

Purpose:  Shows a plot of the F-distribution for user provided numerator and denominator degrees of freedom.
       
NOTE:      1) Cells with characters in red are to be changed by the user.
                2) Values from the F distribution are provided for a=0.10, 0.05, 0.01, 0.001.
                3) The x-axis is fixed to be from 0 to 20.  Thus, the whole plot may not be shown.
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