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12.10 Simple Linear Regression: A Complete Example

Stability Testing

The Food and Drug Administration (FDA) requires pharmaceutical companies to establish a shelf-life (expiration date) for all new drug substances and products.  Pharmaceutical companies perform stability testing to determine how stable a drug is over time.   Regression models allow pharmaceutical companies to determine the stability of the drug and establish a shelf-life.

Millard Pharmaceuticals wants to determine the shelf-life of their new drug, CBM.  A random sample of the drug in tablet form is placed into storage at 25(C±2(C and 60%±5% relative humidity.  At the time intervals: 3, 6, 9, 12, 15, 18, 21, 24, 30, 36, 48, and 60 months, a randomly selected tablet is taken out of storage and measurements are made upon it.   One of the measurements for each tablet is the potency (strength) of the drug expressed as a percent of Millard's claim.  For example, a value of 99% implies the potency of the tablet is 99% of what Millard claims it to be.  Millard is required to keep the potency level between 95% and 105% of their claim.  This ensures consumers take drugs that have enough potency.  Below is the data collected.

	Time
	Potency

	3
	99.0%

	6
	102.0

	9
	98.0

	12
	98.5

	15
	97.5

	18
	96.0

	21
	96.5

	24
	96.1

	30
	95.2

	36
	95.0

	48
	94.0

	60
	95.1


1) Find the Excel regression “SUMMARY OUTPUT”.

2) What is the estimated regression line using time and potency as the independent and dependent variables, respectively?

3) Is there a significant linear relationship between potency and time?  Perform a hypothesis test to determine this with (=0.05.

4) What is R2?  What does this suggest about how well the estimated regression line fits the data?

5) Predict the potency level for a time of 10 months

6) In #5, what is the 95% confidence interval for the predicted value (use CI_PI_calc.xls).  Interpret the meaning of the confidence interval.  

7) In #5, what is the 95% prediction interval for the predicted value (use CI_PI_calc.xls).  Interpret the meaning of the prediction interval.  

8) What is the shelf-life of CBM?  To obtain the answer, perform the following steps (Note: see the plot sheet of stability_testing.xls) and turn-in your plot: 

a) Construct a scatter plot of the data

b) Plot the estimated regression line on the scatter plot

c) Plot the 95% confidence interval and prediction interval bands for the potency on the scatter plot

d) Plot the 95% and 105% potency lines

e) The shelf-life is the smallest time in which the 95% confidence interval bands intersect the 95% or 105% potency lines

9) The FDA requires 95% confidence intervals bands to be used to find the shelf-life.  What is the shelf-life if 95% prediction interval bands are used instead?

10) Discuss the difference between what confidence intervals and a prediction intervals estimate in terms of the shelf-life.  What are some instances in which a confidence interval is more appropriate than a prediction interval and vice-versa?  Should the FDA use confidence intervals or prediction intervals?  Explain.

11) Using the method in 8), what happens to the estimated shelf-life when the confidence level decreases?  Explain your answer.

12) Would a patient receiving the drug prefer a lower or higher level of confidence when the expiration date is determined?  Explain your answer (your answer to 11 will help).

13) Would the drug company prefer a lower or higher level of confidence when the expiration date is determined?  Explain your answer (your answer to 11 will help).

Some answers to the above questions

Excel regression “SUMMARY OUTPUT”:

	SUMMARY OUTPUT
	
	
	
	
	
	

	
	
	
	
	
	
	

	Regression Statistics
	
	
	
	
	

	Multiple R
	0.7967
	
	
	
	
	

	R Square
	0.6348
	
	
	
	
	

	Adj. R Sq.
	0.5983
	
	
	
	
	

	Stand. Err.
	0.0141
	
	
	
	
	

	Obs.
	12
	
	
	
	
	

	
	
	
	
	
	
	

	ANOVA
	
	
	
	
	
	

	
	df
	SS
	MS
	F
	Sign.F
	

	Regression
	1
	0.003447
	0.003447
	17.38
	0.0019
	

	Residual
	10
	0.001983
	0.000198
	
	
	

	Total
	11
	0.005431
	
	
	
	

	
	
	
	
	
	
	

	
	Coef.
	Stand. Err.
	t Stat
	P-value
	
	

	Intercept
	0.993
	0.00705
	140.96
	7.93E-18
	
	

	Time
	-0.00102
	0.000244
	-4.169
	0.001921
	
	


From stability_testing.xls:

	Time
	Potency
	Y_hat
	(X-X_bar)2
	Low C.I.
	Up C.I.
	Low P.I.
	Up P.I.

	3
	0.990
	0.9900
	420.25
	0.9756
	1.0044
	0.9555
	1.0245

	6
	1.020
	0.9869
	306.25
	0.9738
	1.0001
	0.9529
	1.0210

	9
	0.980
	0.9839
	210.25
	0.9719
	0.9959
	0.9503
	1.0175

	12
	0.985
	0.9808
	132.25
	0.9698
	0.9918
	0.9476
	1.0141

	15
	0.975
	0.9778
	72.25
	0.9676
	0.9879
	0.9448
	1.0107

	18
	0.960
	0.9747
	30.25
	0.9652
	0.9842
	0.9419
	1.0075

	21
	0.965
	0.9716
	6.25
	0.9625
	0.9808
	0.9389
	1.0043

	24
	0.961
	0.9686
	0.25
	0.9595
	0.9776
	0.9359
	1.0012

	30
	0.952
	0.9624
	42.25
	0.9527
	0.9722
	0.9296
	0.9953

	36
	0.950
	0.9563
	156.25
	0.9450
	0.9677
	0.9230
	0.9897

	48
	0.940
	0.9441
	600.25
	0.9279
	0.9602
	0.9088
	0.9794

	60
	0.951
	0.9318
	1332.25
	0.9100
	0.9537
	0.8936
	0.9701

	
	
	SUM:
	3309.00
	
	
	
	


Scatter plot with the estimated regression line, 95% C.I. bands, and 95% P.I. bands.  
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Scatter plot with the estimated regression line, 80% C.I. bands, and 80% P.I. bands.  
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_964607100.xls
Chart1

		3		3		3		3		3		3

		6		6		6		6		6		6

		9		9		9		9		9		9

		12		12		12		12		12		12

		15		15		15		15		15		15

		18		18		18		18		18		18

		21		21		21		21		21		21

		24		24		24		24		24		24

		30		30		30		30		30		30

		36		36		36		36		36		36

		48		48		48		48		48		48

		60		60		60		60		60		60



Data

Y_hat

Low_CI

Up_CI

Low_PI

Time

Potency

Stability Testing

0.99

0.9900077063

0.9756159261

1.0043994864

0.9554844973

1.0245309152

1.02

0.9869456029

0.9737851332

1.0001060726

0.9529172826

1.0209739232

0.98

0.9838834995

0.9718573104

0.9959096887

0.9502775797

1.0174894194

0.985

0.9808213962

0.9698024521

0.9918403402

0.9475626267

1.0140801657

0.975

0.9777592928

0.9675827675

0.9879358182

0.9447700478

1.0107485379

0.96

0.9746971895

0.965154504

0.984239875

0.9418979293

1.0074964496

0.965

0.9716350861

0.962474264

0.9807959083

0.9389448845

1.0043252877

0.961

0.9685729828

0.9595101402

0.9776358254

0.9359101027

1.0012358629

0.952

0.9624487761

0.9527207784

0.9721767737

0.9295951224

0.9953024297

0.95

0.9563245694

0.9449861695

0.9676629692

0.9229585997

0.989690539

0.94

0.9440761559

0.9279302674

0.9602220445

0.9087856709

0.979366641

0.951

0.9318277425

0.9099524979

0.9537029872

0.8935752269

0.9700802581



Regression output

		SUMMARY OUTPUT

		Regression Statistics

		Multiple R		0.7967285953

		R Square		0.6347764545

		Adjusted R Square		0.5982541

		Standard Error		0.0140836737

		Observations		12

		ANOVA

				df		SS		MS		F		Significance F

		Regression		1		0.003447418		0.003447418		17.3804910018		0.0019210454

		Residual		10		0.0019834986		0.0001983499

		Total		11		0.0054309167

				Coefficients		Standard Error		t Stat		P-value		Lower 95%		Upper 95%

		Intercept		0.9930698096		0.0070450282		140.9603731507		7.92736121138169E-18		0.9773725058		1.0087671135

		Time		-0.0010207011		0.0002448317		-4.1689916049		0.0019210454		-0.0015662201		-0.0004751821

		RESIDUAL OUTPUT

		Observation		Predicted Potency		Residuals

		1		0.9900077063		-0.0000077063

		2		0.9869456029		0.0330543971

		3		0.9838834995		-0.0038834995

		4		0.9808213962		0.0041786038

		5		0.9777592928		-0.0027592928

		6		0.9746971895		-0.0146971895

		7		0.9716350861		-0.0066350861

		8		0.9685729828		-0.0075729828

		9		0.9624487761		-0.0104487761

		10		0.9563245694		-0.0063245694

		11		0.9440761559		-0.0040761559

		12		0.9318277425		0.0191722575





Data

		

				Time		Potency		Y_hat		(X-X_bar)^2		Low C.I.		Up C.I.		Low P.I.		Up P.I.

				3		0.990		0.9900		420.25		0.9756		1.0044		0.9555		1.0245

				6		1.020		0.9869		306.25		0.9738		1.0001		0.9529		1.0210

				9		0.980		0.9839		210.25		0.9719		0.9959		0.9503		1.0175

				12		0.985		0.9808		132.25		0.9698		0.9918		0.9476		1.0141

				15		0.975		0.9778		72.25		0.9676		0.9879		0.9448		1.0107

				18		0.960		0.9747		30.25		0.9652		0.9842		0.9419		1.0075

				21		0.965		0.9716		6.25		0.9625		0.9808		0.9389		1.0043

				24		0.961		0.9686		0.25		0.9595		0.9776		0.9359		1.0012

				30		0.952		0.9624		42.25		0.9527		0.9722		0.9296		0.9953

				36		0.950		0.9563		156.25		0.9450		0.9677		0.9230		0.9897

				48		0.940		0.9441		600.25		0.9279		0.9602		0.9088		0.9794

				60		0.951		0.9318		1332.25		0.9100		0.9537		0.8936		0.9701

								SUM:		3309.00

				Beta_hat_0		0.9930698096

				Beta_hat_1		-0.0010207011

				X_bar		23.50

				n		12

				t dist. value		2.2281392376

				MSE		0.0001983499





Data

		



Data

Y_hat

Low_CI

Up_CI

Low_PI

Time
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Stability Testing



Plot

		



Stability Testing in-class example

Purpose:  1) Calculate C.I.s and P.I.s for many values of X
                2) Plot the C.I. and P.I. bands on a scatter plot with an estimated regression line
                3) Modification of the spreadsheet can be done to complete stability testing assignments
       
Note:      For modification of the spreadsheet:
                1) Cells with characters in red need to be changed by the user.  The plot and all the
                    formulas are updated when they are changed.
                2) Cells with characters in black should not be changed by 
                    the user



Plot

		3		3		3		3		3		3

		6		6		6		6		6		6

		9		9		9		9		9		9

		12		12		12		12		12		12

		15		15		15		15		15		15

		18		18		18		18		18		18

		21		21		21		21		21		21

		24		24		24		24		24		24

		30		30		30		30		30		30

		36		36		36		36		36		36

		48		48		48		48		48		48

		60		60		60		60		60		60



Data

Y_hat

Low_CI

Up_CI

Low_PI

Time

Potency

Stability Testing

0.99

0.9900077063

0.9756159261

1.0043994864

0.9554844973

1.0245309152

1.02

0.9869456029

0.9737851332

1.0001060726

0.9529172826

1.0209739232

0.98

0.9838834995

0.9718573104

0.9959096887

0.9502775797

1.0174894194

0.985

0.9808213962

0.9698024521

0.9918403402

0.9475626267

1.0140801657

0.975

0.9777592928

0.9675827675

0.9879358182

0.9447700478

1.0107485379

0.96

0.9746971895

0.965154504

0.984239875

0.9418979293

1.0074964496

0.965

0.9716350861

0.962474264

0.9807959083

0.9389448845

1.0043252877

0.961

0.9685729828

0.9595101402

0.9776358254

0.9359101027

1.0012358629

0.952

0.9624487761

0.9527207784

0.9721767737

0.9295951224

0.9953024297

0.95

0.9563245694

0.9449861695

0.9676629692

0.9229585997

0.989690539

0.94

0.9440761559

0.9279302674

0.9602220445

0.9087856709

0.979366641

0.951

0.9318277425

0.9099524979

0.9537029872

0.8935752269

0.9700802581




_964608863.xls
Chart3

		3		3		3		3		3		3

		6		6		6		6		6		6

		9		9		9		9		9		9

		12		12		12		12		12		12

		15		15		15		15		15		15

		18		18		18		18		18		18

		21		21		21		21		21		21

		24		24		24		24		24		24

		30		30		30		30		30		30

		36		36		36		36		36		36

		48		48		48		48		48		48

		60		60		60		60		60		60



Data

Y_hat

Low_CI

Up_CI

Low_PI

Time

Potency

Stability Testing

0.99

0.9900077063

0.9811446275

0.998870785

0.9687468256

1.0112685869

1.02

0.9869456029

0.9788408182

0.9950503876

0.965989496

1.0079017098

0.98

0.9838834995

0.9764772537

0.9912897454

0.9631875251

1.004579474

0.985

0.9808213962

0.9740354553

0.9876073371

0.9603392119

1.0013035805

0.975

0.9777592928

0.9714921497

0.9840264359

0.9574430933

0.9980754924

0.96

0.9746971895

0.9688203923

0.9805739867

0.9544979909

0.9948963881

0.965

0.9716350861

0.9659934569

0.9772767154

0.9515030504

0.9917671218

0.961

0.9685729828

0.9629916935

0.974154272

0.9484577729

0.9886881927

0.952

0.9624487761

0.9564578557

0.9684396965

0.9422160796

0.9826814726

0.95

0.9563245694

0.9493418938

0.9633072449

0.9357763666

0.9768727721

0.94

0.9440761559

0.9341328216

0.9540194903

0.9223427536

0.9658095583

0.951

0.9318277425

0.9183560237

0.9452994614

0.9082701941

0.955385291



Regression output

		SUMMARY OUTPUT

		Regression Statistics

		Multiple R		0.7967285953

		R Square		0.6347764545

		Adjusted R Square		0.5982541

		Standard Error		0.0140836737

		Observations		12

		ANOVA

				df		SS		MS		F		Significance F

		Regression		1		0.003447418		0.003447418		17.3804910018		0.0019210454

		Residual		10		0.0019834986		0.0001983499

		Total		11		0.0054309167

				Coefficients		Standard Error		t Stat		P-value		Lower 95%		Upper 95%

		Intercept		0.9930698096		0.0070450282		140.9603731507		7.92736121138169E-18		0.9773725058		1.0087671135

		Time		-0.0010207011		0.0002448317		-4.1689916049		0.0019210454		-0.0015662201		-0.0004751821

		RESIDUAL OUTPUT

		Observation		Predicted Potency		Residuals

		1		0.9900077063		-0.0000077063

		2		0.9869456029		0.0330543971

		3		0.9838834995		-0.0038834995

		4		0.9808213962		0.0041786038

		5		0.9777592928		-0.0027592928

		6		0.9746971895		-0.0146971895

		7		0.9716350861		-0.0066350861

		8		0.9685729828		-0.0075729828

		9		0.9624487761		-0.0104487761

		10		0.9563245694		-0.0063245694

		11		0.9440761559		-0.0040761559

		12		0.9318277425		0.0191722575





Data

		

				Time		Potency		Y_hat		(X-X_bar)^2		Low C.I.		Up C.I.		Low P.I.		Up P.I.

				3		0.990		0.9900		420.25		0.9811		0.9989		0.9687		1.0113

				6		1.020		0.9869		306.25		0.9788		0.9951		0.9660		1.0079

				9		0.980		0.9839		210.25		0.9765		0.9913		0.9632		1.0046

				12		0.985		0.9808		132.25		0.9740		0.9876		0.9603		1.0013

				15		0.975		0.9778		72.25		0.9715		0.9840		0.9574		0.9981

				18		0.960		0.9747		30.25		0.9688		0.9806		0.9545		0.9949

				21		0.965		0.9716		6.25		0.9660		0.9773		0.9515		0.9918

				24		0.961		0.9686		0.25		0.9630		0.9742		0.9485		0.9887

				30		0.952		0.9624		42.25		0.9565		0.9684		0.9422		0.9827

				36		0.950		0.9563		156.25		0.9493		0.9633		0.9358		0.9769

				48		0.940		0.9441		600.25		0.9341		0.9540		0.9223		0.9658

				60		0.951		0.9318		1332.25		0.9184		0.9453		0.9083		0.9554

								SUM:		3309.00

				Beta_hat_0		0.9930698096

				Beta_hat_1		-0.0010207011

				X_bar		23.50

				n		12

				a		0.20

				t dist. value		1.3721842151

				MSE		0.0001983499





Data
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Plot

		



Stability Testing in-class example

Purpose:  1) Calculate C.I.s and P.I.s for many values of X
                2) Plot the C.I. and P.I. bands on a scatter plot with an estimated regression line
                3) Modification of the spreadsheet can be done to complete stability testing assignments
       
Note:      For modification of the spreadsheet:
                1) Cells with characters in red need to be changed by the user.  The plot and all the
                    formulas are updated when they are changed.
                2) Cells with characters in black should not be changed by 
                    the user



Plot

		3		3		3		3		3		3

		6		6		6		6		6		6

		9		9		9		9		9		9

		12		12		12		12		12		12

		15		15		15		15		15		15

		18		18		18		18		18		18

		21		21		21		21		21		21

		24		24		24		24		24		24

		30		30		30		30		30		30

		36		36		36		36		36		36

		48		48		48		48		48		48

		60		60		60		60		60		60



Data

Y_hat

Low_CI

Up_CI

Low_PI

Time

Potency

Stability Testing

0.99

0.9900077063

0.9756159261

1.0043994864

0.9554844973

1.0245309152

1.02

0.9869456029

0.9737851332

1.0001060726

0.9529172826

1.0209739232

0.98

0.9838834995

0.9718573104

0.9959096887

0.9502775797

1.0174894194

0.985

0.9808213962

0.9698024521

0.9918403402

0.9475626267

1.0140801657

0.975

0.9777592928

0.9675827675

0.9879358182

0.9447700478

1.0107485379

0.96

0.9746971895

0.965154504

0.984239875

0.9418979293

1.0074964496

0.965

0.9716350861

0.962474264

0.9807959083

0.9389448845

1.0043252877

0.961

0.9685729828

0.9595101402

0.9776358254

0.9359101027

1.0012358629

0.952

0.9624487761

0.9527207784

0.9721767737

0.9295951224

0.9953024297

0.95

0.9563245694

0.9449861695

0.9676629692

0.9229585997

0.989690539

0.94

0.9440761559

0.9279302674

0.9602220445

0.9087856709

0.979366641

0.951

0.9318277425

0.9099524979

0.9537029872

0.8935752269

0.9700802581




