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12.3 Estimating the Model Parameters: The Method of Least Squares

Goal:  

Develop a model (equation) that numerically describes the relationship between two variables

Simple Linear Regression

Simple – one variable predicts another variable

Linear – use a straight line model

Main purpose of statistics: Make inferences about a population through the use of a sample.

Population: A collection of data that describe some phenomenon of interest

Sample: A subset of data selected from the population 

Suppose you are interested in studying the relationship between two variables X and Y

(X may be HS GPA and Y may be college GPA)
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where 


Y=(o + (1X+ ( is the pop. model (population regression equation)

· E(Y)=(o + (1X is what Y is expected to be on average for a specific value of X (deterministic component)

· ( = random error term 

· (o = y-intercept for pop. model

· (1 = slope for pop. model

· (o & (1 are unknown parameters
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 is the sample model (estimated regression equation or line); 

· 
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· 
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· ^ denotes quanity is an estimate
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Calculation of 
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The formulas for 
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 are found using the least squares method (more on this later):
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 EMBED Equation.3  [image: image21.wmf]x


Example: What is the relationship between sales an advertising for a company?

Let X = Advertising ($100,000)


Y= Sales units (10,000)


X
Y
X2
Y2
X*Y


1
1
1
1
1


2
1
4
1
2


3
2
9
4
6


4
2
16
4
8


5
4
25
16
20

(
15
10
55
26
37

(Ex. (x2=55)


[image: image22.wmf]70

.

0

5

)

15

(

55

5

10

*

15

37

n

)

x

(

x

n

)

y

)(

x

(

xy

SS

SS

ˆ

2

2

2

xx

xy

1

=

-

-

=

S

-

S

S

S

-

S

=

=

b



[image: image23.wmf]0

ˆ

b

 =
[image: image24.wmf]y

- 
[image: image25.wmf]1

ˆ

b



 EMBED Equation.3  [image: image26.wmf]x

 = 10/5 – (0.70)*15/5 = 2-2.1 =     -0.1
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Scatter Plot (scattergram) – graph showing the sampled values 


Scatter Plot with Regression Line:  graph showing the sampled values and the sample model (estimated regression line)
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For Example: 
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· Y-
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· This gives a measurement of how far the predicted value is from the sampled value.

· Obviously, want these to be small

Least Squares Method Explanation: Method used to find equations for 
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 and 
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.

· Notice how the estimated regression line (sample model) seems to go through the “middle” of the points on the scatter plot.  For this to happen, 
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 and 
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 must be –0.1 and 0.7, respectively.  This provides the “best fit” line through the points.

· The least squares method tries to find the 
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 such that SSE = ((Y-
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)2 = ((residual)2 is minimized (where SSE=Sum of Squares Error).  Formulas for 
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 are derived using calculus.  
Computer Example of Least Squares Method (see Least_squares_demo.xls)

Example: Sales and advertising

What does the sales and advertising estimated regression model mean? (Remember advertising is measured in $100,000 units and sales is measured in10,000 units)
1) Estimated slope 
[image: image41.wmf]1

ˆ

b

=0.7:

· Sales volume (Y) is expected to increase by (0.7)*10,000=7,000 units for each 1*100,000=$100,000 increase in advertising (X).  

2) Use model for prediction:

· Estimate sales when advertising is $100,000.
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ˆ

= -0.10 + 0.70*1 = 0.60

Estimated sales is 6,000 units

· Estimate sales when advertising is $250,000.
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Computer Example: Estimate a student’s college GPA using their high school (HS) GPA.  Suppose 20 college graduate’s HS and college GPAs are randomly sampled (HS_college_GPA.xls):

Student
X (HS GPA)
Y (College GPA)

1
3.04
3.10

2
2.35
2.30

3
2.70
3.00

4
2.05
1.90

5
2.83
2.50

6
4.32
3.70

7
3.39
3.40

8
2.32
2.60

9
2.69
2.80

10
0.83
1.60

11
2.39
2.00

12
3.65
2.90

13
1.85
2.30

14
3.83
3.20

15
1.22
1.80

16
1.48
1.40

17
2.28
2.00

18
4.00
3.80

19
2.28
2.20

20
1.88
1.60

SUMMARY OUTPUT





Regression Statistics


Multiple R
0.9144

R Square
0.8361

Adjusted R Square
0.8270

Standard Error
0.2964

Observations
20

ANOVA







df
SS
MS
F
Significance F

Regression
1
8.0677
8.0677
91.8059
1.72E-08

Residual
18
1.5818
0.0879



Total
19
9.6495





Coef.
Stand. Err.
t Stat
P-value
Low. 95%
Up. 95%

Intercept
0.7060
0.1991
3.55
0.0023
0.2877
1.1243

X=HS GPA
0.7005
0.0731
9.58
1.72E-08
0.5469
0.8541

Using the computer output:
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Observation
Predicted Y
Residuals

1
2.834946
0.265054

2
2.349624
-0.04962

3
2.600303
0.399697

4
2.144308
-0.24431

5
2.685064
-0.18506

6
3.72972
-0.02972

7
3.079074
0.320926

8
2.331384
0.268616

9
2.592056
0.207944

10
1.284398
0.315602

11
2.378765
-0.37877

12
3.259709
-0.35971

13
2.001436
0.298564

14
3.38636
-0.18636

15
1.56272
0.23728

16
1.742738
-0.34274

17
2.30483
-0.30483

18
3.508083
0.291917

19
2.30359
-0.10359

20
2.020893
-0.42089





Notice the above graph does not look exactly like a scatter plot with estimated regression line plotted upon it.  Below is one way to fix the plot.  Note that other steps are often necessary to make the plot more “professional” looking (changing the scale on the axes, adding tick marks, changing graph titles, etc…) 

1) Change background from grey to white

a) Right click on the grey background (a menu should appear)

b) Select format plot area to bring up the following window:
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i) Select None as the area

ii) Select OK

2) Remove legend

a) Right click in the legend

b) Select Clear

3) Create the regression line

a) Right click on one of the estimated Y values (should be in pink) and a menu should appear

b) Select Format Data Series to bring up the following window: 
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i) Under Marker, select None

ii) Under Line, select Automatic 

iii) Select OK

The plot should now look like this: 


One last comment:

Do not extrapolate beyond the range of data when estimating Y. 

Example: The GPA data has 0.83(X(4.32.  Do not try to estimate Y when X is 0.5 or 4.5. 
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		Intercept		0.7059984076		0.1991145683		3.5456893663		0.002309965		0.2876738987		1.1243229164

		X=HS GPA		0.7005210491		0.0731115449		9.5815380449		0.0000000172		0.5469192741		0.854122824

		RESIDUAL OUTPUT

		Observation		Predicted Y		Residuals		Standard Residuals

		1		2.8349		0.2651		0.9186

		2		2.3496		-0.0496		-0.1720

		3		2.6003		0.3997		1.3853

		4		2.1443		-0.2443		-0.8467

		5		2.6851		-0.1851		-0.6414

		6		3.7297		-0.0297		-0.1030

		7		3.0791		0.3209		1.1123

		8		2.3314		0.2686		0.9310

		9		2.5921		0.2079		0.7207

		10		1.2844		0.3156		1.0938

		11		2.3788		-0.3788		-1.3127

		12		3.2597		-0.3597		-1.2467

		13		2.0014		0.2986		1.0348

		14		3.3864		-0.1864		-0.6459

		15		1.5627		0.2373		0.8224

		16		1.7427		-0.3427		-1.1879

		17		2.3048		-0.3048		-1.0565

		18		3.5081		0.2919		1.0117

		19		2.3036		-0.1036		-0.3590

		20		2.0209		-0.4209		-1.4587
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		Standard Error		0.2964419245

		Observations		20

		ANOVA

				df		SS		MS		F		Significance F

		Regression		1		8.0676993373		8.0676993373		91.805871305		0.0000000172

		Residual		18		1.5818006627		0.0878778146

		Total		19		9.6495

				Coefficients		Standard Error		t Stat		P-value		Lower 95%		Upper 95%		Lower 95.0%		Upper 95.0%

		Intercept		0.7059984076		0.1991145683		3.5456893663		0.002309965		0.2876738987		1.1243229164		0.2876738987		1.1243229164
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		RESIDUAL OUTPUT

		Observation		Predicted Y=College GPA		Residuals

		1		2.8349457211		0.2650542789

		2		2.3496238486		-0.0496238486

		3		2.6003027756		0.3996972244

		4		2.14430811		-0.24430811

		5		2.685064328		-0.185064328

		6		3.7297201577		-0.0297201577
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		Multiple R		0.9143710075
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		Adjusted R Square		0.8269673582
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		Residual		18		1.5818006627		0.0878778146
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				Coefficients		Standard Error		t Stat		P-value		Lower 95%		Upper 95%		Lower 95.0%		Upper 95.0%
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		Student		X		Z		Y		Random N(0,.25)				Student		X=HS GPA		Y=College GPA		Predicted Y

		1		3.04				3.10		-0.0609088602				1		3.04		3.10		2.8349

		2		2.35				2.30		0.0462898697				2		2.35		2.30		2.3496

		3		2.70				3.00		-0.2958637424				3		2.70		3.00		2.6003

		4		2.05				1.90		0.153199835				4		2.05		1.90		2.1443

		5		2.83				2.50		0.3251341241				5		2.83		2.50		2.6851

		6		4.32				3.70		0.6163895705				6		4.32		3.70		3.7297

		7		3.39				3.40		-0.0124134658				7		3.39		3.40		3.0791

		8		2.32				2.60		-0.2797480647				8		2.32		2.60		2.3314

		9		2.69				2.80		-0.1076364242				9		2.69		2.80		2.5921

		10		0.83				1.60		-0.7743301467				10		0.83		1.60		1.2844

		11		2.39				2.00		0.3878892585				11		2.39		2.00		2.3788

		12		3.65				2.90		0.7454445949				12		3.65		2.90		3.2597

		13		1.85				2.30		-0.4507512585				13		1.85		2.30		2.0014

		14		3.83				3.20		0.626240535				14		3.83		3.20		3.3864

		15		1.22				1.80		-0.5770220923				15		1.22		1.80		1.5627

		16		1.48				1.40		0.0799553845				16		1.48		1.40		1.7427

		17		2.28				2.00		0.282345809				17		2.28		2.00		2.3048

		18		4.00				3.80		0.4301170975				18		4.00		3.80		3.5081

		19		2.28				2.20		0.0805755462				19		2.28		2.20		2.3036

		20		1.88				1.60		0.2770235596				20		1.88		1.60		2.0209

										Intercept		0.7059984076

										X=HS GPA		0.7005210491
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